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Abstract A consistent, local coordinate formulation of covariant Hamiltonian field 
theory is presented. While the covariant canonical field equations are equivalent to 
the Euler-Lagrange field equations, the covariant canonical transformation theory 
offers more general means for defining mappings that preserve the action functional 
— and hence the form of the field equations — than the usual Lagrangian descrip- 
tion. Similar to the well-known canonical transformation theory of point dynamics, 
the canonical transformation rules for fields are derived from generating functions. 
As an interesting example, we work out the generating function of type F2 of a gen- 
eral local U(A^) gauge transformation and thus derive the most general form of a 
Hamiltonian density that is form-invariant under local U(N) gauge transforma- 
tions. 



1 Covariant Hamiltonian density 

In field theory, the usual definition of a Hamiltonian density emerges from a Leg- 
endre transformation of a Lagrangian density ^ that only maps the time derivative 
dt(j) of a field (j){t,x,y,z) into a corresponding canonical momentum variable, n,. 
Taking then the spatial integrals, we obtain a description of the field dynamics that 
corresponds to that of point dynamics. In contrast, a fully covariant Hamiltonian 
description treats space and time variables on equal footing|[l]|2l. If ^ is a Lorentz 
scalar, this property is passed to the covariant Hamiltonian. Moreover, this descrip- 
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tion enables us to derive a consistent theory of canonical transformations in the 
realm of classical field theory. 



1.1 Covariant canonical field equations 

The transition from particle dynamics to the dynamics of a continuous system 
is based on the assumption that a continuum limit exists for the given physical 
problem||3l- This limit is defined by letting the number of particles involved in the 
system increase over all bounds while letting their masses and distances go to zero. 
In this limit, the information on the location of individual particles is replaced by the 
value of a smooth function ^(jc) that is given at a spatial location ^x^^x^ at time 
t = jc". The differentiable function <p{x) is called afield. In this notation, the index 
H runs from to 3, hence distinguishes the four independent variables of space- 
time = {x^ ,x^ ,x^ ,x^) = [t,x,y,z), andx^ = (xo,xi ,X2,X3) = (f , — .x:, — y, — z). We 
furthermore assume that the given physical problem can be described in terms of 
a set of / = 1, . . . — possibly interacting — scalar fields ^\x) or vector fields 
a' = (A^''',A^'',A^'^,A''^), with the index "/" enumerating the individual fields. In 
order to clearly distinguish scalar quantities from vector quantities, we denote the 
latter with boldface letters. Throughout the article, the summation convention is 
used. Whenever no confusion can arise, we omit the indexes in the argument list of 
functions in order to avoid the number of indexes to proliferate. 

The Lagrangian description of the dynamics of a continuous system is based on 
the Lagrangian density function that is supposed to carry the complete informa- 
tion on the given physical system. In a first-order field theory, the Lagrangian density 
.if is defined to depend on the 0', possibly on the vector of independent variables 
X, and on the four first derivatives of the fields 0' with respect to the independent 
variables, i.e., on the 1 -forms (covectors) 

The Euler-Lagrange field equations are then obtained as the zero of the variation 5S 
of the action integral 

5= / Jf(/,^0^Jc) A (1) 



as ID 

— -^^—- — -0 
dx" d{da(j)') <30' " ■ 

To derive the equivalent covariant Hamiltonian description of continuum dynamics, 
we first define for each field ^'{x) a 4-vector of conjugate momentum fields {x). 
Its components are given by 

^^^^^^ (3) 
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The 4-vector Tti is thus induced by the Lagrangian ^ as the dual counterpart of 
the 1-form d^' . For the entire set of scalar fields ^'{x), this establishes a set 
of A' conjugate 4-vector fields. With this definition of the 4-vectors of canonical 
momenta }ti{x), we can now define the Hamiltonian density J^/f{(l)',7Ci,x) as the 
covariant Legendre transform of the Lagrangian density J!f{(l)',d(j)',x) 



J(^{^',n,,x) = n?^-^{(p',d(p',x 



In order for the Hamiltonian Jf to be valid, we must require the Legendre trans- 
formation to be regular, which means that for each index "/" the Hesse matrices 
{d^J^ /d{d^^')d{dv<^')) are non-singular This ensures that by means of the Leg- 
endre transformation, the Hamiltonian takes over the complete information on 
the given dynamical system from the Lagrangian The definition of by Eq. (|4|i 
is referred to in literature as the "De Donder-Weyl" Hamiltonian density. 

Obviously, the dependencies of J'^ and ^ on the 0' and the only differ by a 
sign. 



dxf 



expl 



expl 



These variables thus do not take part in the Legendre transformation of Eqs. (O, 
(|4|i. Thus, with respect to this transformation, the Lagrangian density Jzf represents 
a function of the dfx(j)' only and does not depend on the canonical momenta n^, 
whereas the Hamiltonian density .J^ is to be considered as a function of the Tzj^ 
only and does not depend on the derivatives (5^0/ of the fields. In order to derive the 
second canonical field equation, we calculate from Eq. (|4]i the partial derivative of 
with respect to n^. 



The complete set of covariant canonical field equations is thus given by 

_ d^' _ dnf 



(5) 



This pair of first-order partial differential equations is equivalent to the set of second- 
order differential equations of Eq. (|2). We observe that in this formulation of the 
canonical field equations, all coordinates of space-time appear symmetrically — 
similar to the Lagrangian formulation of Eq. (|2). Provided that the Lagrangian 
density ^ is a Lorentz scalar, the dynamics of the fields is invariant with respect 
to Lorentz transformations. The covariant Legendre transformation (|4]i passes this 
property to the Hamiltonian density It thus ensures a priori the relativistic in- 
variance of the fields that emerge as integrals of the canonical field equations if ^ 
— and hence Jif — represents a Lorentz scalar. 
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2 Canonical transformations in covariant Hamiltonian field 
theory 

The covariant Legendre transformation (3) allows us to derive a canonical transfor- 
mation theory in a way similar to that of point dynamics. The main difference is that 
now the generating function of the canonical transformation is represented by a vec- 
tor rather than by a scalar function. The main benefit of this formalism is that we are 
not dealing with plain transformations. Instead, we restrict ourselves right from the 
beginning to those transformations that preserve the form of the action functional. 
This ensures all eligible transformations to be physical. Furthermore, with a gener- 
ating function, we not only define the transformations of the fields but also pinpoint 
simultaneously the corresponding transformation law of the canonical momentum 
fields. 



2.1 Generating functions of type Fi (0, ^>,jc) 

Similar to the canonical formalism of point mechanics, we call a transformation of 
the fields (0,71) i~> {0,11) canonical if the form of the variational principle that is 
based on the action functional ([B is maintained. 

Equation ^ tells us that the integrands may differ by the divergence of a vector 
field F^, whose variation vanishes on the boundary dR of the integration region R 
within space-time 

f r)F^ f 

^ / ^d^x^Si F,"dSa=0. 
Jr dx" JdR 

The immediate consequence of the form invariance of the variational principle is the 
form invariance of the covariant canonical field equations (|5]l 

For the integrands of Eq. (|6) — hence for the Lagrangian densities ^ and J^' — 
we thus obtain the condition 



r)F" 
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With the definition = F^{(j),^,x), we restrict ourselves to a function of exactly 
those arguments that now enter into transformation rules for the transition from the 
original to the new fields. The divergence of F^^ writes, explicitly. 



5F« _ dFC dip' dF^ d<P' dF^ 



(8) 

expl 



The rightmost term denotes the sum over the explicit dependence of the generating 
function F^ on the x^ . Comparing the coefficients of Eqs. (|7]i and dS), we find the 
local coordinate representation of the field transformation rules that are induced by 
the generating function F^ 



d^'' '30'' dx" 



(9) 

expl 



The transformation rule for the Hamiltonian density implies that summation over a 
is to be performed. In contrast to the transformation rule for the Lagrangian density 
Jff of Eq. (|7J, the rule for the Hamiltonian density is determined by the explicit 
dependence of the generating function Ff' on the x^ . Hence, if a generating function 
does not explicitly depend on the independent variables, x^, then the value of the 
Hamiltonian density is not changed under the particular canonical transformation 
emerging thereof. 

Differentiating the transformation rule for with respect to (p-', and the rule 
for rij with respect to ^', we obtain a symmetry relation between original and 
transformed fields 

^< _ d^F}" _ dn^ 
d<pJ ^ d<j)'d<P-' ^ dtp' ■ 

The emerging of symmetry relations is a characteristic feature of canonical transfor- 
mations. As the symmetry relation directly follows from the second derivatives of 
the generating function, is does not apply for arbitrary transformations of the fields 
that do not follow from generating functions. 



2.2 Generating functions of type F2(0,n,jc) 

The generating function of a canonical transformation can alternatively be expressed 
in terms of a function of the original fields (j)' and of the new conjugate fields il/'. 
To derive the pertaining transformation rules, we perform the covariant Legendre 
transformation 

dF^ 

F^^i(l>,n,x) = F('i<i>,^,x) + <P'nj^, n>^ = --J-. (lo) 
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By definition, the functions and F2 agree with respect to their ^' and depen- 
dencies 



dFC 



dF- 



dF^ 



expl 



expl 



The variables ^' and thus do not take part in the Legendre transformation from 
Eq. ( [Tol l. Therefore, the two F2 -related transformation rules coincide with the re- 
spective rules derived previously from F^. As F^^ does not depend on the n/* 
whereas F2 does not depend on the the <P^, the new transformation rule thus follows 
from the derivative of F2 with respect to FIJ as 



dFl_ 



,dn>l 

— — I. 



We thus end up with set of transformation rules 

dF,^ 



dFl 
d(j)' ' 



dF- 



dx'' 



(11) 



expl 



which is equivalent to the set (|9]l by virtue of the Legendre transformation ( fTOl i if 
the matrices {d^F^ /d<j)' d<l>'^) are non-singular for all indexes "/i". From the second 
partial derivations of F2 one immediately derives the symmetry relation 



dm 



30 



.J dip'dnj " d(i)' 

whose existence characterizes the transformation to be canonical. 



3 Examples for Hamiltonian densities in covariant field theory 

We present some simple examples Hamiltonian densities as they emerge from La- 
grangian densities of classical Lagrangian field theory. It is shown that resulting 
canonical field equations are equivalent to the corresponding Euler-Lagrange equa- 
tions. 



3.1 Klein-Gordon Hamiltonian density for complex fields 



We first consider the Klein-Gordon Lagrangian density for a complex scalar 
field (j) that is associated with mass m (see, for instance, Ref. llH); 
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Herein, (p* denotes complex conjugate field of (p. Both quantities are to be treated as 
independent. With [L] denoting the dimension of "length," we have with h = c = 1, 
i.e. in "natural units", [^] = [L]""*, [m] = [L]-i,and [d^] = [L]"' so that [0] = [L]"'. 
The Euler-Lagrange equations for (p and (p* follow from this Lagrangian density 
as 

^-^(/)* = -m2 0*, .^^^ = -m^. (12) 
axaox oxaox 

As a prerequisite for deriving the corresponding Hamiltonian density we must 
first define from ^Yja the conjugate momentum fields. 



which means that [k^] = [L]^'. The determinant of the Hesse matrix does not vanish 
for the actual Lagrangian ^kg since 



det — — ==det ^ , ^det(d}:) = 1. 

This condition is always satisfied if the Lagrangian density ^ is quadratic in the 
derivatives of the fields. The Hamiltonian density then follows as the Legendre 
transform of the Lagrangian density 

thus [J^] = \^\ = [L]^"*. The Klein-Gordon //amj/fonian density J^g is then given 
by 

J^Koin^,, n;,cp,^*)^ 71*^7:" + m"0*^. (13) 

For the Hamiltonian density (fTsT l. the canonical field equations (|5]l provide the fol- 
lowing set of coupled first order partial differential equations 



d(j) 


<3^4g 


dxf^ 






dMiG 


dx" 


dip* 



— ^ = — =; =m d) , — — — = m. 

dxa dip ^ ' 5x« dip* ^ 

In the first row, the canonical field equations for the scalar fields (p and 0* reproduce 
the definitions of the momentum fields and TT^ from the Lagrangian density 
J/fKG- Eliminating the tt'', tt* from the canonical field equations then yields the 
Euler-Lagrange equations of Eq. (fT2] i. 
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3.2 Maxwell's equations as canonical field equations 



The Lagrangian density Jffu of the electromagnetic field is given by 

^Mia,da,x) = -yo.pf"P~fix)aa, /mv = |^-|^- (14) 

Herein, the four components of the 4-vector potential a now take the place of the 
scalar fields ^' = a^^ in the notation used so far. The Lagrangian density (fl4] i thus 
entails a set of four Euler-Lagrange equations, i.e., an equation for each component 
a^. The source vector j = {p,jx,jy,jz) denotes the 4-vector of electric currents 
combining the usual current density vector (jxjyjz) of configuration space with 
the charge density p. In a local Lorentz frame, i.e., in Minkowski space, the Euler- 
Lagrange equations ^ take on the form, 

0, jU = 0,...,3. (15) 



With from Eq. (fT4l i. we obtain directly 



/=0. (16) 



In Minkowski space, this is the tensor form of the inhomogeneous Maxwell equa- 
tion. In order to formulate the equivalent Hamiltonian description, we first define, 
according to Eq. (|3]l, the canonically field components p^^^ as the conjugate objects 
of the derivatives of the 4-vector potential a 



With the particular Lagrangian density (fl4t . Eq. ( fTTt means 

faj} = ^p,a ^^a.p 

av_ if ^fap rap , ^/"^ f \ __l ^fap rap 
\ da,, V oa,, V I aa,, 



-^2 \ 



The tensor p^^^ thus matches exactly the electromagnetic field tensor /''^ from 
Eq. (O and hence inherits the skew-symmetry of f^^ because of the particular 
dependence of on the a^ y = dcip^/dx^ . 

As the Lagrangian density (fl4] i now describes the dynamics of a vector field, a^, 
rather than a set of scalar fields 0', the canonical momenta p^^ now constitute a sec- 
ond rank tensor rather than a vector The Legendre transformation corresponding to 
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Eq. © then comprises the product p^^dpoa- The skew-symmetry of the momen- 
tum tensor p^^ picks out the skew- symmetric part of dyUfj, as the symmetric part of 
dva^ vanishes identically calculating the product p"Pdpaa 



apdaa_ _ i^afi 
dxf^ 



f daa 


dap\ 




dap\ 




dx" ) 




dx" J 



For a skew-symmetric momentum tensor p^^, we thus obtain the Hamiltonian den- 
sity as the Legendre-transformed Lagrangian density 

From this Legendre transformation prescription and the corresponding Euler-La- 
grange equations ( fTSl l, the canonical field equations are immediately obtained as 



dJ^M 


1 




dav\ 




dp^" 


^ 2 


ydx'^ 










dJ^U _ 


d 


d^M 






dap. 


dx" 


d{daap) 












dx" 




dx" 







dp 



dx" 



The Hamiltonian density for the Lagrangian density (fl4l follows as 

JfMia,p,x) = -\p"^ Pafi + y"^ Pafi+ f{x)aa 



p"^Pap+f{x)aa. (18) 



'4 



The first canonical field equation follows from the derivative of the Hamiltonian 
density (fTSl ) with respect to p^^ and p^y 

1 f dap dav\ dj^ j 1 f da^ dM^A \ py 

2\d^"d^)^~d^^'^^^'" lyd^'J^pj^J^^'^^ ' 

(19) 

which reproduces the definition of ppy and p^"^ from Eq. ( flTl l. 

The second canonical field equation is obtained calculating the derivative of the 
Hamiltonian density ( fTSl ) with respect to ap 



dp>'" d.M, 



M 



dap 



-J 



Inserting the first canonical equation, the second order field equation for the ap is 
thus obtained for the Maxwell Hamiltonian density ( fTSl ) as 
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which agrees, as expected, with the corresponding Euler-Lagrange equation (fT6l l. 



3.3 The Proca Hamiltonian density 

In relativistic quantum field theory, the dynamics of particles of spin 1 and mass m 
is derived from the Proca Lagrangian density ^p, 

- -4/ Hap + 2'" « ««' ^^"^d^^'dF' 

We observe that the kinetic term of Jtfp agrees with that of the Lagrangian density 
J^M of the electromagnetic field of Eq. ( fT4l i. Therefore, the field equations emerging 
from the Euler-Lagrange equations (|T5t are similar to those of Eq. ( fT6] l 

^— -mV=0. (20) 

Thus [^] = [L]^'^, [m] = M '1 and [d^] = [L]^' entails a dimension of the 4-vector 
fields [a] = [L]^^ and |/] = [L]^^ in natural units. The transition to the correspond- 
ing Hamilton description is performed by defining on the basis of the actual La- 
grangian the canonical momentum field tensors p^^ as the conjugate objects of 
the derivatives of the 4-vector potential a 

piiv d^p 



Similar to the preceding section, we find 

P^^'^r, p^v^f.v, \p] = \f] = [L]-\ 

because of the particular dependence of Jrfp on the derivatives of the a^. With p"^ 
being skew-symmetric in a,j3, the product p"^ Og, p picks out the skew-symmetric 
part of the partial derivative doa/dx^ as the product with the symmetric part van- 
ishes identically. Denoting the skew-symmetric part by «[a,j3], the Legendre trans- 
formation prescription 



M = p"^ fl„,/3 - = P"^ fl[a,/J] - 



leads to the Proca Hamiltonian density by following the path of Eq. (fTsl) 
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jrp = -i/9«'^p„p-im2a«a„. (21) 
The canonical field equations emerge as 

_ 1 fda^ dav \ _ d,yfp _ 1 



By means of eliminating p^"^ , this coupled set of first order equations can be con- 
verted into second order equations for the vector field a{x), 

da^i daa\ i „ 
m'flu = U. 



dxa \(3x" dx^ 
As expected, this equation coincides with the Euler-Lagrange equation 



3.4 The Dime Hamiltonian density 

The dynamics of particles with spin \ and mass m is described by the Dirac equa- 
tion. With /, / = 1 , . . . , 4 denoting the 4x4 Dirac matrices, and \// a four component 
Dirac spinor, the Dirac Lagrangian density J^o is given by 

■^D = iWf - mWV, (22) 

wherein 1J7 = i/z^y" denotes the adjoint spinor of y/. In the following we summarize 
some fundamental relations that apply for the Dirac matrices y^, and their duals, 7^, 
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\t,f\ = tf- ft ^ -210^" 
[7n,7v] = r^Yv -TvY^ ^ -2ia^y 
deter'''' = 1, IX 



7a(y"'^7p = 12/1 
3t^v + (T^v = 2/77^v1. (23) 

Herein, the symbol 1 stands for the 4x4 unit matrix, and the real numbers 
Tl^^ jil^iv € IR for an element of the Minkowski metric (j]''^) = (ili^v)- The matrices 
(a''^) and (t^v) are to be understood as 4 x 4 block matrices, with each block a^^, 
T^v representing a 4 x 4 matrix of complex numbers. Thus, {(J^^) and (t^v) are 
actually 16 x 16 matrices of complex numbers. 

Natural units are defined by setting Ti = c = 1 . Denoting "the dimension of" by 
the symbol "[]", we then have for the dimension of the mass m, length L, time T, 
and energy E 

[m] = [L]-'^[T]-'^[E]. 

Then 

[^u\ = [L]-\ [w] = [L]-"\ [d^] = [m] = [L]-\ 

The Dirac Lagrangian density can be rendered symmetric by combining the 
Lagrangian density Eq. (l22l i with its adjoint, which leads to 



The resulting Euler-Lagrange equations are identical to those derived from Eq. (|22] |. 

„ dw 

i^f+mW = 0. (25) 

As both Lagrangians ( |22] | and ( |24] | are linear in the derivatives of the fields, the 
determinant of the Hessian vanishes. 
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det 



d (d^y/) d (dyXff) 



(26) 



Therefore, Legendre transformations of the Lagrangian densities (l22l i and jTM are 
irregular Nevertheless, as a Lagrangian density is determined only up to the diver- 
gence of an arbitrary vector function according to Eq. (|7]l, one can construct an 
equivalent Lagrangian density that yields identical Euler-Lagrange equations 
while yielding a regular Legendre transformation. The additional termQ emerges 
as the divergence of a vector function F^, which may be expressed in symmetric 
form as 



F^ = ^(wcy^-P^ + P^, 

2m V ox" ox"- 



-3 



The factor m ' was chosen to match the dimensions correctly. Explicitly, the addi- 
tional term is given by 



dFP 
dxP 



2m 
i d\jf 



dp XtraP^da Y + y/al^^dp daY+dp da \j/a"l^\tf+ da V/'d"^ dp Xj/ 
a/3 dW 



Note that the double sums a^^dpdaY and dpdayfo"^ vanish identically, as we 
sum over a symmetric {d^dyXj/ = dyd^xir) and a skew-symmetric (a^^ = —G^^) 
factor. Following Eq. dTji, the equivalent Lagrangian density is given by ~ ^-q — 
(9f/^/5x^, which means, explicitly. 



i d\(/ 



d\(/ _ 



idx" 



dxP 



(27) 



Due to the skew-symmetry of the C7^^, the Euler-Lagrange equations (|2]i for 
yield again the Dirac equations i25[ . We remark that the regularized Dirac La- 
grangian (l27T i can equivalently be written as 



d\j/ 

'd^ 



-WYa 



im V dxP 



-rpw 



4m 



WW- 



This representation of the Dirac Lagrangian will be recognized as the analogue of 
the Dirac Hamiltonian to be derived in the following. 
As desired, the Hessian of is not singular. 



det 



d {d^Xj/) d (dyXI/) 



I 

m' 



(28) 



hence, the Legendre transformation of the Lagrangian density is now regular. 
It is remarkable that it is exactly a term which does not contribute to the Euler- 
Lagrange equations that makes the Legendre transformation of regular and 
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thus transfers the information on the dynamical system that is contained in the La- 
grangian to the Hamiltonian description. The canonical momenta follow as 



d {d^ 2 m dx' 



dJ^L i ,, i ,,„ dw 

'''' 

which states that [jt^] = = [L]^^/^. The Legendre transformation can now be 
worked out, yielding 

= JT+'^V^V^ 

m ox" dxP 

thus [J^] = [.^d] = [^] As the Hamiltonian density must always be expressed in 
terms of the canonical momenta rather then by the velocities, we must solve Eq. ( |29] l 
for dj^ yf and (3^ 1/7. To this end, we multiply n'^ by T^v from the right, and by Tvfi 
from the left. 



: im 



^=imT^p(nP + ^Y'^xi/\. (30) 



dx" V 2 

The Dirac Hamiltonian density is then finally obtained as 



= l^n" - -\l/fj imXafi \yKP + l^fWj +mWW- (31) 
We may expand the products in Eq. dJTT i using Eqs. ( l23T l to find 

^ = im [n^-Tap^^ + ^?f"7ar- \w70^^ + (32) 

In order to show that the Hamiltonian density describes the same dynamics as 
from Eq. ( l22l i. we set up the canonical equations 

dw d,^u . f-a 1- 

dx^ = ^-'"'V' ^--^rrv 

dw d.M . f B I 
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Obviously, these equations reproduce the definition of the canonical momenta from 
Eqs. ( |29] l in their inverted form given by Eqs. (|3Qt . The second set of canonical 
equations follows from the y/ and \j7 dependence of the Hamiltonian 

dlt" d.y/^o im_a Am_ 

im /in i f!rvd\lf\ 4m 
/ „ d\j/ 

The divergences of the canonical momenta follow equally from the derivatives of 
the first canonical equations, or, equivalently, from the derivatives of Eqs. 




djt" i dxjf i _^„(3 i „ d\j/ 

The terms containing the second derivatives of \^ and 1/7 vanish due to the skew- 
symmetry of a^^ . Equating finally the expressions for the divergences of the canon- 
ical momenta, we encounter, as expected, the Dirac equations dZSl ) 

i dW „ _ i dW „ 

„ dv/ i „ dw 

It should be mentioned that this section is similar to the derivation of the Dirac 
Hamiltonian density in Ref . f6l . We note that the additional term in the Dirac La- 
grangian density from Eq. (|27T i — as compared to the Lagrangian from 
Eq. ( |24] | — entails additional terms in the energy-momentum tensor, namely. 



We easily convince ourselves by direct calculation that the divergences ofT^ and 
coincide, 
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m 



m 



which means that both energy-momentum tensors represent the same physical sys- 
tem. For each index /i, j^^{x) represents a conserved current vector which are all 
associated with the transformation from Jfo to ^L. 



4 Examples of canonical transformations in co variant 
Hamiltonian field theory 

The formalism of canonical transformations that was worked out in Sect. |2] is now 
shown to yield a generalized representation of Noether's theorem. Furthermore, a 
generalized theory of U(A^) gauge transformations is outUned. 



4.1 Generalized Noether theorem 

Canonical transformations are defined by Eq. (|6) as the particular subset of gen- 
eral transformations of the fields 0' and their conjugate momentum vector fields Ki 
that preserve the action functional (|6]l. Such a transformation depicts a symmetry 
transformation that is associated with a conserved four-current vector, hence with 
a vector whose space-time divergence vanishes Q. In the following, we shall work 
out the correlation of this conserved current by means an infinitesimal canonical 
transformation of the field variables. The generating function F2 of an infinitesimal 
transformation differs from that of an identical transformation by a infinitesimal 
parameter 5e ^ times an as yet arbitrary function g'^{(p' ,7C],x), 



(33) 



To first order in 5e, the subsequent transformation rules follow from the general 
rules (fTTT i as 



General U {N) gauge transformations in the realm of covariant Hamiltonian field theory 



17 



dFl 



= 77/' 



5e 



d(j)'' 



5e 



5e 



expl 



expl 



hence 
5< 



5e 



dg^ 



dg^ 



CT 



5e 



dx" 



(34) 



expl 



As the transformation does not change the independent variables, x^, both the orig- 
inal as well as the transformed fields refer to the same space-time event x, hence 
5x^ = 0. Making use of the canonical field equations (|5]), the variation of due to 
the variations ( l34l i of the canonical field variables ^' and emerges as 



d(j) 



dx" 



5e 



5e 



8" 8^' 



8n^ 



(dg- 




w 


dx" ' 


(dg- 


dg" 


\dx" 


dx" 






dx'^ 





dx" 

dg^df^ 



expl J 



(35) 



If and only if the infinitesimal transformation rule 8J^\qj for the Hamiltonian from 
Eqs. (l34l i coincides with the variation 8 Jlf at 8x'^ = from Eq. (|35] |. then the set 
of infinitesimal transformation rules is consistent and actually defines a canonical 
transformation. We thus have 



8J^\ 



CT 



8.rf 



= 0. 



(36) 



Thus, the divergence of the characteristic function g^{x) in the generating func- 
tion ( |33T l must vanish in order for the transformation (l34l to be canonical, and hence 
to preserve the form of the action functional (|6}. The gf^{x) then define a conserved 
four-current vector, commonly referred to as Noether current. The canonical trans- 
formation rules then furnish the corresponding infinitesimal one-parameter group of 
symmetry transformations 
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d(j)' dKj 



(37) 



expl 



We can now formulate the generalized Noether theorem and its inverse in the realm 
of covariant Hamiltonian field theory as: 

Theorem 1 (generalized Noether). The characteristic vector function ,nj,x) 
in the generating function F2 from Eq. diit must have zero divergence in order to 
define a canonical transformation. The subsequent transformation rules ( 1571 ) then 
define an infinitesimal one-parameter group of symmetry transformations that pre- 
serve the form of the action functional 

Conversely, if a one-parameter symmetry transformation is known to preserve 
the form of the action functional dSJl, then the transformation is canonical and hence 
can be derived from a generating function. The characteristic A-vector function 
g^{^\ni,x) in the corresponding infinitesimal generating function ^^3^ then repre- 
sents a conserved current, hence dg'^ /dx" — 0. 

In contrast to the usual derivation of this theorem in the Lagrangian formalism, we 
are not restricted to point transformations as the g^ may be any divergence-free 
4-vector function of the given dynamical system. In this sense, we have found a 
generalization of Noether' s theorem. 



4.1.1 Gauge invariance of the electromagnetic 4-potential 

For the Maxwell Hamiltonian from Eq. (fTSl l. the correlation of the 4-vector po- 
tential fl'' with the conjugate fields p^v is determined by the first field equation ([19) 
as the generalized curl of a. This means on the other hand that the correlation be- 
tween a and the /?^v is not unique. Defining a transformed 4-vector potential A 
according to 

with X — X{^) ™ arbitrary differentiable function of the independent variables. This 
means for the transformation of the /5^v 

_ day da^, _ dAy d^xj^ dA^, d^xj^ _ 

dx^ dx^' JFd^ dx^ J^fdx^ ^ ' 

The transformations (l3Ft and (|39] l can be regarded as a canonical transformation, 
whose generating function F2 is given by 

F2'{a,P,x) = aaP"^ + ^ {P"^xix)) ■ (40) 
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For a vector field a and its set of canonical conjugate fields p^, the general transfor- 
mation rules (fTTT l are rewritten as 



day' P dP^P dx" 



(41) 

expl 

which yield for the particular generating function of Eq. (|40] i the transformation 
prescriptions 



P 



day 



A - n 8" 8^ + 8" 8^ ^^^^ 
Ay Op - aaO^ Op + O^ Op 



Ay 



dx 



V 



The canonical transformation rules coincide with the correlations of Eqs. ( l38T l and 
( [39l ) defining the Lorentz gauge. The last equation holds because of the skew- 
symmetry of the canonical momentum tensor p^^ = —p^^^. In order to determine 
the conserved Noether current that is associated with the canonical point transfor- 
mation generated by F2 from Eq. (l40l i. we need the generator of the corresponding 
infinitesimal canonical point transformation, 

F^{a,P,x)^aaP''^+£g^{p,x), ^ J- . 

Herein, e 7^ denotes a small parameter The pertaining infinitesimal canonical 
transformation rules are 

P ~ day ' ^v-«v+e 

dFJ? 



expl '^-^'^ 



The coordinate transformation rules agree with Eqs. (|38l and ( [39l ) in the finite limit. 
Because of hp^^ = P^^ — p'^ = 0, the variation 5^ due to the variation of the 
canonical variables reduces to the term proportional to Say =Ay— ay, 

5^ = ^5«„ = -s-^^^"'^^W 



daa dxP dx" 
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Hence, 5Jf coincides with the corresponding canonical transformation rule 5,3^ \ q^, 
as required for the transformation to be canonical. With the requirement (|36] | ful- 



filled, the characteristic function ip,x) in the infinitesimal generating function F2 
then directly yields the conserved 4-current jN{x)J^ — according to Noether's 
theorem from Eq. (|37] | 

By calculating its divergence, we verify directly that _/n (x) is indeed the conserved 
Noether current that corresponds to the symmetry transformation ( 



dxP dxP ydx" ^ ' dx" J 

d^p"P dp"P dx dp"P dx a8 d^X 



dx"dxP^ ' dx" dxP ' dxP <3.*:« ' dx^dxP 
= 0. 

The first and the fourth term on the right hand side vanish individually due to p"^^ 
—p^^. The second and the third terms cancel each other for the same reason. 



4.2 General local U (N) gauge transformation 

As an interesting example of a canonical transformation in the covariant Hamilto- 
nian description of classical fields, the general local U (A^) gauge transformation is 
treated in this section. The main feature of the approach is that the terms to be added 
to a given Hamiltonian J(f in order to render it locally gauge invariant only depends 
on the type of fields contained in the Hamiltonian Jif and not on the particular form 
of the original Hamiltonian itself. The only precondition is that must be invari- 
ant under the corresponding global gauge transformation, hence a transformation 
not depending explicitly on jc. 



4.2.1 External gauge field 

We consider a system consisting of a vector of complex fields (pj, I — l,...,N, 
and the adjoint field vector, 0, 



(^r-'^iv)- 
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A general local linear transformation may be expressed in terms of a dimensionless 
complex matrix U (x) = (m/j(x)) and its adjoint, U'' that may depend explicitly on 
the independent variables, x^, as 

= U<!>, '^ = '5u'' 

— - _ (42) 

^"7 Ulj (j)j, 0, = (j)jUj[, [uij] = 1. 

With this notation, 0/ may stand for a set of / = 1, . . . complex scalar fields 0/ 
or Dirac spinors. In other words, U is supposed to define an isomorphism within 
the space of the (pj, hence to linearly map the 0/ into objects of the same type. 
The uppercase Latin letter indexes label the field or spinor number. Their transfor- 
mation in iso-space are not associated with any metric. We, therefore, do not use 
superscripts for these indexes as there is not distinction between covariant and con- 
travariant components. In contrast, Greek indexes are used for those components 
that are associated with a metric — such as the derivatives with respect to a space- 
time variable, x^. As usual, summation is understood for indexes occurring in pairs. 
We restrict ourselves to transformations that preserve the norm (jxjt 

= 0U^U<l> = '^0 =^ U^U = t = UU^ 

<Pj<Pi = (j) jUji U,K<j)K^<j>K =^ = ^JK = Uj, UJK . 

This means that U' = C/^', hence that the matrix U is supposed to be unitary. The 
transformation (|42] | follows from a generating function that — corresponding to 
Jff — must be a real-valued function of the generally complex fields ^ and their 
canonical conjugates, n'^, 

= 77^ UKj + ^'Kj nf . (43) 

According to Eqs. (fTTl i the set of transformation rules follows as 
dF^ dF^ 

dF^ dF^ 
o<pj drij 

The complete set of transformation rules and their inverses then read in component 
notation 



(44) 



We assume the Hamiltonian ,3^ to form-invariant under the global gauge trans- 
formation (|42] |. which is given for U ~ const, hence for all ujj not depending on 
the independent variables, x^. In contrast, if U = U (jc), the transformation (l44t is 
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referred to as a local gauge transformation. The transformation rule for the Hamil- 
tonian is then determined by the expUcitly jc'' -dependent terms of the generating 
function F2 according to 



expl 



r=radiiu — dujj 

—n— ^'^IJ i -r (^^IJ n 
/ „ , — n\ — dujJ 



(45) 



In the last step, the identity 



5xM 



U[K + UJI 



diiiK d 



(ujjUjk) 



dxP- 







was inserted. If we want to set up a Hamiltonian .J/zfi that is form-invariant under the 
local, hence x'' -dependent transformation generated by (|43), then we must compen- 
sate the additional terms ( |45] | that emerge from the explicit x'' -dependence of the 
generating function ( |43] |. The only way to achieve this is to adjoin the Hamiltonian 
of our system with terms that correspond to (l45i with regard to their dependence 
on the canonical variables, ^ ,^ . With a unitary matrix U , the M//-dependent 
terms in Eq. ( |45] | are skew-hermitian. 



UKI 



duij\ diiji 



5xM 



UiK 



-uji 



^x^^ ' 



dxi^ 



UIJ 



UJI 



dujK duji_ 



dxP- 



UlK, 



or m matnx notation 



U 



dx^ I dx^ dx^ 



dx^' 



U 



du 

^x^' 



U' 



The M-dependent terms in Eq. (l45T l can thus be compensated by a Hermitian matrix 
{okj) of "4-vector gauge fields", with each off-diagonal matrix element, aKj^ K^J, 
a complex 4-vector field with components aKjfi , = 0, . . . , 3 



The number of independent gauge fields thus amount to A^^ real 4-vectors. The 
amended Hamiltonian thus reads 



(46) 



With the real coupling constant g, the interaction Hamiltonian .y^s. is thus real. Usu- 
ally, g is defined to be dimensionless. We then infer the dimension of the gauge 
fields Ukj to be 

[g] = \, [aKj] = [L]-' = [m] = [d^]. 
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In contrast to the given system Hamiltonian the amended Hamiltonian ^ is 
supposed to be invariant in its form under the canonical transformation, hence 

j^' = jr' + j^;, jif^^ig(n'^<pj-^Knf)AKja- (47) 



Submitting the amended Hamiltonian from Eq. (|46] | to the canonical transfor- 
mation generated by Eq. ( |43] |. the new Hamiltonian Jf^ emerges with Eqs. ( |45] | and 
(|47] ) as 



expl 



expl 

= + (Tff -^^%") ^/ga/fia +«^/|^ 

The original base fields, 0^ and their conjugates can now be expressed in terms 
of the transformed ones according to the rules (l44l . which yields, after index rela- 
beling, the conditions 

{n'^<i>j -'^KUf^ igAKja = {pK'i'j -'^Knf^ {^gUKLauaUij + '^'^U 

This means that the system Hamiltonian must be invariant under the global gauge 
transformation defined by Eq. (l44l . whereas the gauge fields A//^ must satisfy the 
transformation rule 

_ / duKi _ 
Akjh = ukl aupL UlJ — - uij . (48) 

We observe that for any type of canonical field variables ^/ and for any Hamiltonian 
system the transformation of the 4-vector gauge fields aij{x) is uniquely deter- 
mined according to Eq. (l48T l by the transformation matrix U{x) for the fields In 
the notation of the 4-vector gauge fields aKj{x), K,J ~ I,... ,N, the transformation 
rule is equivalently expressed as 

_ ;■ duKi _ 

AkJ — UklOlI Uij =; Uij, 

g dx 

or, in matrix notation 

i i dU J. " + / dU + 

A^ = Ua^U^ --—U\ A^UaU^ --^U\ (49) 
g oxf^ g dx 

with d^ denoting the N xN matrices of the /i -components of the 4- vectors A/a: (jc), 
and, finally, a the N xN matrix of gauge 4-vectors aixix). The matrix U {x) is uni- 
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tary, and thus constitutes a member of the group U (A^) 

U\x)^U-\x), |detf/(x)| = 1. 

For dtW{x) = +1, the matrix U {x) is a member of the group SU(A^). 

Equation ( |49l ) is the general transformation law for gauge bosons. U and a^j do 
not commute ifN> 1, hence if f/ is a unitary matrix rather than a complex number 
of modulus 1 . We are then dealing with a non-Abelian gauge theory. As the matrices 
dfi are Hermitian, the number of independent gauge 4-vectors ojk amounts to real 
vectors on the main diagonal, and (A^^ — A^) /2 independent complex off-diagonal 
vectors, which corresponds to a total number of A^^ independent real gauge 4-vectors 
for a U(A^) symmetry transformation, and hence — I real gauge 4-vectors for a 
SU(A') symmetry transformation. 



4.2.2 Including the gauge field dynamics 

With the knowledge of the required transformation rule for the gauge fields from 
Eq. (l48T l, it is now possible to redefine the generating function ( l43T i to also describe 
the gauge field transformation. This simultaneously defines the transformation of 
the canonical conjugates, pj^, of the gauge fields aj^p,. Furthermore, the redefined 
generating function yields additional terms in the transformation rule for the Hamil- 
tonian. Of course, in order for the Hamiltonian to be invariant under local gauge 
transformations, the additional terms must be invariant as well. The transformation 
rules for the fields (j) and the gauge field matrices a (Eq. ( |49] )) can be regarded as 
a canonical transformation that emerges from an explicitly x'' -dependent and real- 
valued generating function vector of type F2 = F2 ,<l> ,11 ,11 ,a,P,x), 

=n^UKJ<^J + <^K'^Kjn^ +PfK {^KLClLIaUij ~ ^^^^Uij^ . (50) 

Accordingly, the subsequent transformation rules for canonical variables , and 
their conjugates, , agree with those from Eqs. (|44] |. The rule for the gauge 

fields aiKa emerges as 



which obviously coincides with Eq. ( |48l l. as demanded. The transformation of the 
momentum fields is obtained from the generating function (ISOl l as 

PlL = ^ "IjPjK ^KL- (51) 



It remains to work out the difference of the Hamiltonians that are submitted to the 
canonical transformation generated by (Bot . Hence, according to the general rule 
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from Eq. (fTTT i. we must calculate the divergence of the explicitly ;c'^ -dependent terms 



Yja dujj — diiij „ 

1^^'^^'^^' ^^^^ 

expl 



We are now going to replace all w/y-dependencies in (|52] i by canonical variables 
making use of the canonical transformation rules. The first two terms on the right- 
hand side of Eq. (|52] | can be expressed in terms of the canonical variables by means 
of the transformation rules (l44t . (l4¥t . and (ISTt that all follow from the generating 
function ( 



Y=adu,j_ — duKi_ 

= igll'f {AiKa - UiLauaUjK) 

= ig {n%<Pj - '^Knf^ AKJa ~ ig {nl^J - ^K^j) aKJa ■ 

The second derivative term in Eq. (|52T i is symmetric in the indexes a and j3 . If we 
spUt Pjl into a symmetric pj^'^' and a skew-symmetric part Pj^^ in a and j3 

pa/3 _ p(a/3) p[a/3] p[a/3] _ ]_ / pa/3 _ p/3a\ p(a/3) _ / pa/3 p/3a 

O/f O/f T" Oa" ' Oa" ^ 2 \^Oa: Oa: ) > Oa: ~ 2 y^JK ^ OA- 
then the second derivative term vanishes for P^^\ 

[a/3] d^UKl 

By inserting the transformation rules for the gauge fields from Eqs. ( |48] |, the remain- 
ing terms of ( |52] | for the skew-symmetric part of are converted into 

r,\ap]fduKL _ , duu i duKi du[j\ 

['d^'''''""" + "'''''""^-g^^) 

= '8PjK ^Kla aijp - IgPjK AKIaAijp 

= 2^8 [PjK - PjK ) ^Kla aijfi -Jig {Pj£ - j AKiaAjjp 

= I'gPjK {aKiaaij^-aKi^aija) - \igPji {AkiuAu^ -A^jpAija) ■ 
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For the symmetric part of Pj^ , we obtain 



p(«j3) 



lUlj 



r, aua Ulj + UKLOLla ■ » 
dxP dxP 



i dufci dujj i d^Ufci 



g dx" dx^ g dx"-dxP 



UIJ 



,(a/3) / dAKja 
( dAKja 



' JK 



UKL 



1 p«P 
2^JK 



daua . 
dxP 

dx" 



■uij 



ap ( daKjg da^jp\ 



\ dxP 



dx" J 



In summary, by inserting the transformation rules into Eq. (|52l ). the divergence of 
the expHcitly x^ -dependent terms of F2 — and hence the difference of transformed 
and original Hamiltonians — can be expressed completely in terms of the canonical 
variables as 



dx» 



expl 



(il^^y - ^Knfj AKJa ^ " <^K^j) aKJa 



kpjK [oKIa aijp - a Kip aija) 



^ap ( dA 



KJa 



dA, 



V dxf^ dx" 



KJp\_i ap f doKja ^^^Kjp\ 



\ dxP 



We observe that all M/7-dependencies of Eq. $52\ were expressed symmetrically in 
terms of the original and transformed complex scalar fields ^Jt^j and 4-vector 
gauge fields a jk ,A jk, in conjunction with their respective canonical momenta. Con- 
sequently, an amended Hamiltonian of the form 



M = .y^{n,^ ,X) + ig {n%^j - ^,^Kf) aKJa 



ap / \ 
^SP JK y^KIa ajjp - aj^ip ajja ) 



iPjK 



p f daKJg 

\ dxP 



dx" J 



(53) 



is then transformed according to the general rule (ITTI 



dx" 



expl 



into the new Hamiltonian 

jf^ = Ji^{n,0,x) + ig inl<Pj - ^KUf) AKJa 

^ \igPf, {A^jaAjjp -A,,pA,a) + - ^) • (54) 

The entire transformation is i\ms form-conserving provided that the original Hamil- 
tonian {k ,x) is also form-invariant if expressed in terms of the new fields, 
^(JT,^,jt), according to the transformation rules (04}. In other words, ,^{k,^,x) 
must be form-invariant under the corresponding global gauge transformation. 
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In order for the presented transformation theory to be physically consistent, we 
must ensure that the canonical field equations for the derivatives of the gauge fields 
that follow from the final form-invariant amended Hamiltonians, and J^', co- 
incide with the derivatives of the transformation rules for the gauge fields from 
Eq. (l48T l. As it turns out, the form-invariant Hamiltonians from Eq. ( |53] | and 
M'2 from Eq. (|54] | must be further amended by terms J'^dynip) and ,y^^^^{P) that 
describe the dynamics of the free 4-vector gauge fields, okj wAAkj, respectively 

- 2'SPjK [AKIaAjjp -AKipAua) + -^PjK [-J^ + 

Of course, Jif^^^^{P) must be form-invariant as well in order to ensure the form- 
invariance of the final amended Hamiltonians, ^ and Jf^. To derive J^y^, we set 
up the first canonical equation 

dAKJ^ d,yf^ 5^yn 1. - ^ ^ , \ , \ fdAKJf, , dAKJv\ 

Applying now the transformation rules (28), for the gauge fields Akj, we find after 
straightforward calculation 



'^^Jyn _ 1 / oAKJii OAkJv \ , 1 • , . . \ 

JP^ ^ 2 I ) + 2'8 [AKItiAijy -AkIvAij^) 



1 „ 



unj 



dJ^dyn _ 



dp 



NL 



The derivatives of J^yn and .^y„ obviously transform like the canonical momenta, 
as stated in Eq. ( BTI ). Consequently, these expressions must be identified with pkjv^ 
and Pkjvh, respectively 

^'^dyn _ 1 dJ^dyn _ i 



-2PkJ,v, -J^-~-2PKJ,v. 

This means, in turn, that .i^y^ and thus J^dyn are given by 

^^dyn(^) = -rf^ifia/J, ^4yn (p) = - toa/J • (55) 

We conclude that Eq. ( |55] l is the only choice for the free dynamics term of the gauge 
fields in order for the entire gauge transformation formalism to be consistent. Thus, 
the amended physical Hamiltonian Jffj that is form- invariant under a local U(A^) 
symmetry transformation (l42t of the fields , is 
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+ ^ (56) 

^ =ig {Kk^j - ^K^f) ClKja - jPjK PKJafl 



I; 

' 2 



'gPjK [^Kla aijp - aKip a,ja) + ^Pjk ( + ) 



We reiterate that the original Hamiltonian must be invariant under the cor- 
responding global gauge transformation, hence a transformation of the form of 
Eq. (l44l i with the uik not depending on x. 

In the Hamihonian description, the partial derivatives of the fields in ( l56l l do not 
constitute canonical variables and must hence be regarded as x'' -dependent coeffi- 
cients when setting up the canonical field equations. The relation of the canonical 
momenta to the derivatives of the fields, doMLfi/ dx'^ , is generally provided by 
the first canonical field equation (|5]l. This means for our physical gauge-invariant 
Hamiltonian ( |56l ) 



hence 



PKjfiv = -^-^ + ig [oKiv aijp, - OKifi aijv ) . (57) 

We observe that pxjjiv occurs to be skew-symmetric in the indexes /i, V. Here, this 
feature emerges from the canonical formalism and does not have to be postulated. 
Consequently, the value of the last term in the Hamiltonian (|56] | vanishes since the 
sum in parentheses is symmetric in a,j3. As this term only contributes to the first 
canonical equation, we may omit it from provided that we define the momenta 
PKjfiv to be skew-symmetric in /i , v. With regard to the ensuing canonical equations, 
the Hamiltonian ^ from Eq. ( l56l l is then equivalent to 



= - \Pm PKJaj3 + ig [^K aKJa - ^^KJa - Pj^ OKla aijj3 )■ (58) 



This is the final result of the general local U(A^) gauge transformation theory in the 
Hamiltonian formalism. 

From the locally gauge-invariant Hamiltonian (|56] |. the canonical equation for 
the base fields 0/ is given by 



dxl" 



d<j)i 

— ^ + igajj,^j. 
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This is exactly the so-called "minimum coupling rule", which is also referred to 
as the "covariant derivative". Remarkably, in the canonical formalism this result is 
derived, hence does not need to be postulated. 



4.3 Locally gauge-invariant Lagrangian 

4.3.1 Legendre transformation for a general system Hamiltonian 

The equivalent gauge-invariant Lagrangian ^3 is derived by Legendre-transforming 
the gauge-invariant Hamiltonian J^, defined in Eqs. (|56] l 

With from Eq. (|57] | and Jifg from Eq. (|56] |. we thus have 

gp doKJa _ 1 ap f doKja _ ^^^Kjp\ I ap ( doKJa , daKjp \ 

PjK ^^p -^^^-iPjKy g^p g^a J+IPJK^ ^^p + g^a ) 

]_ ap \ ■ ap ( \ 

= ^ iPjK PKJap ~ 2'SPjK ["Kla ajjp - OKip ajja ) 

I ap ( duKja , duKjp 
2^^^ 1^ d^P + ^.,« 

= ig {^k'Pj - '^K^j) ^KJa - iPjK PKJap ■ 

The locally gauge-invariant Lagrangian ^3 for any given globally gauge-invariant 
system Hamiltonian J^f{(j)j, ^i,}ti,7ti,x) is then 

^3 = -iPji PKJap - ig [Ttl^j-^K^f) aKja + nl^ + - (59) 

= -\Pm PKJap + - igOKJal^^ + + ig'^jOjKa^ < " ^■ 

As implied by the Lagrangian formalism, the dynamical variables are given by both 
the fields, (j)j, and OKja, in conjunction with their respective partial derivatives 
with respect to the independent variables, x^^ . Therefore, the pKj in ^3 from Eq. i59[ 
are now merely abbreviations for a combination of the Lagrangian dynamical vari- 
ables. Independently of the given system Hamiltonian J^/f, the correlation of the 
Pkj with the gauge fields Okj and their derivatives is given by the first canonical 
equation (ISTT i. 

The correlation of the momenta 7Ci,lii to the base fields (j)j,(j)j and their deriva- 
tives are derived from Eq. (|59) for the given system Hamiltonian via 
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Thus, for any globally gauge-invariant system Hamiltonian J^{^j, 0/,^/, ;r/,x), the 
amended Lagrangian ^3 from Eq. i5% with the lCi,7Ci to be determined from 
Eqs. ( l60l ) describes in the Lagrangian formaHsm the associated physical system that 
is invariant under local gauge transformations. 



4.3.2 Klein-Gordon system Hamiltonian 

The generalized Klein-Gordon Hamiltonian Jf^a describing complex scalar 
fields 0/ that are associated with equal masses m is 

This Hamiltonian is clearly form-invariant under the global gauge-transformation 
defined by Eqs. ( l44l i. Following Eqs. (|56] | and (ISST l. the corresponding locally gauge- 
invariant Hamiltonian ^,kg is then 

M.m = 7r/*a%" + ^l^l - \Pm PKJaji 

+ a/fya 0i - 0^ fl/cya % - pj^ ana aup J , Pjk = -PjK ■ 

To derive the equivalent locally gauge-invariant Lagrangian ^3. kg, we set up the 
first canonical equation for the gauge-invariant Hamiltonian j^.kg of our actual 
example 

d(j)! djfj.KG , . , dip; dM.KG H. . 

Inserting d(pi/dx^ and d^^ /dx^ into Eq. ( |59l ). we directly encounter the locally 
gauge-invariant Lagrangian ^3, kg as 

^3,KG ^ n^aK - 0/ ^/ - \Pm PKJaP , 

with the abbreviations 

dipi , (90; 

PKjjiv — — I" ^8 [^Kiv aijji — aKiji ajjv ) ■ 

In a more explicit form, ^3. kg is thus given by 
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The expressions in the parentheses represent the "minimum coupling rule," which 
appears here as the transition from the kinetic momenta to the canonical momenta. 
By inserting ^3, kg into the Euler-Lagrange equations, and J^ kg into the canonical 
equations, we may convince ourselves that the emerging field equations for 0/, 0/, 
and a jk agree. This means that ^.kg ^nd ^3.kg describe the same physical system. 



4.3.3 Dirac system Hamiltonian 

The generalized Dirac Hamiltonian dSTT i describing spin-| fields, each of them 
being associated with the same mass m, 

is form-invariant under global gauge transformations (04) since 

= - '-z^Kf] im UKiii*u Tap filf + ^Z-?/) +mWKUKiu*ijWj 



nl - ^7" ) "« V i^K + i/'i'/f ) +m^Kl'K 



Again, the corresponding locally gauge-invariant Hamiltonian J^.d is found by 
adding the gauge Hamiltonian ,y^^ from Eq. 



; _ „ \ . In I 



=^,D = [nf - im^ap + 2^ V'j +mVfiVi 

- JPJK PKJafi + ig {n% Xjfj - Wk %" + Pi/ aiKp ) aKJa ■ (61) 

The correlation of the canonical momenta ,Tt^ with the base fields 1/7^, i/// and 
their derivatives follows again from first canonical equation for d 

dljl, d,yS,D (-a i— n\ ■ ■ — 

'd^ " ~^n^ =[^1^2^''') ^"A' ~ Wj ajifi ■ (62) 

Inserting d\l/j/dx^ and d\ff,/dx^ into Eq. S5% . we encounter the related locally 
gauge-invariant Lagrangian ^3,0 in the intermediate form 

1 «J5 , —a- p 4-m_ 
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with the momenta %f ^Ttj determined by Eqs. ( |62] |. We can finally eliminate the mo- 
menta of the base fields in order to express ^t,j) completely in Lagrangian variables. 
To this end, we solve Eqs. (|62] | for the momenta 



fi (9 y// im 

im Tap Ttf = - ig aiKa W - -^7a Wl 



f dv/, im 



Then 



B f dxif, _ im_ \a"Pfd\jfj im 



Inserting this expression into (163) yields after expanding the final form of the gauge- 
invariant Dirac Lagrangian 

^3,D = - jPjKPKJap + EWKf^KJaWJ 

dxj/, _ \ fd\t/i \ 

+ 's vj-^'- j ^ - ^"^P ) ■ (64) 

The sums in parentheses can be regarded as a generalized "minimum coupling rule" 
that applies for the case of a Dirac Lagrangian. denotes the symmetric system 
Lagrangian from Eq. (l24l i. generalized to an A^-tuple of fields 



The Pkj stand for the combinations of the Lagrangian dynamical variables of the 
gauge fields from Eq. ( |57] i that apply to all systems 

(^^Kjp doKJa , . / \ 
PKJap - + ^8 [^Kip ^Ua - aKia ajjp ) . 



We remark that the term in the second line of Eq. (|64> is inherited from the cor- 
responding gauge-invariant Hamiltonian ( |6TT i. This term emerges in addition to the 
conventional gauge-invariant Lagrangian and is easily shown to be separately form- 
invariant under the combined local gauge transformation that is defined by Eqs. ( |42] | 
andgSll. 

In order to set up the Euler-Lagrange equations for the locally gauge-invariant 
Lagrangian ^3,0 from Eq. ( l64l i. we first calculate the derivatives 
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dx"d{daWi)^ r dx<^ im dx" ^'^ '^""^^ dx^ j 

d^i_o i „d\lfi 

8 ( aB^^WK . nB 

+ - ( aiKa <y - ig aijaajKp CT Wk 



and 

d d^3,D _ i d\j7j p f d^yf^ . d'^K . — doKiaXo^ 

dxP d {dpXtfi) ^2dxP^ \J^d^ dx? aKia + igWK j 

The second derivative terms drop out due to the skew-symmetry of a"P . Replacing 
ct"'^ according to its definition in Eq. ( |23] l, the Euler-Lagrange equations finally 
emerge as 

ox" Im 

dWf „ „ ig „f! 

ij^ T-g WK^KIar + + ^ WK^^PKIafi = 0- 

We observe that our gauge-invariant Dirac equation contains an additional term that 
is proportional to piKafi ■ We conclude that the additional term must separately van- 
ish 

if^+gfa,KaWK = m\ifi, PiKapfy"^ Wk = 0. 

For the case of a system with a single spinor y/, hence for the U(l) gauge group, the 
locally gauge-invariant Dirac equation reduces to 

The second equation is obviously separately invariant under the combined gauge 
transformation of base and gauge fields 

g axf^ 
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With the present paper, we have worked out a consistent local inertial frame descrip- 
tion of the canonical formalism in the realm of covariant Hamiltonian field theory. 
On that basis, the Noether theorem as well as the idea of gauge theory — to amend 
the Hamiltonian of a given system in order to render the resulting system locally 
gauge invariant — could elegantly and most generally be formulated as particular 
canonical transformations. 
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